In this paper, we investigate higher-order rogue wave solutions of the Kundu-Eckhaus equation, which contains quintic nonlinearity and the Raman effect in nonlinear optics. By means of a gauge transformation, the Kundu-Eckhaus equation is converted to an extended nonlinear Schrödinger equation. We derive the Lax pair, the generalized Darboux transformation, and the Nth-order rogue wave solution for the extended nonlinear Schrödinger equation. Then, by using the gauge transformation between the two equations, a concise unified formula of the Nth-order rogue wave solution with several free parameters for the Kundu-Eckhaus equation is obtained. In particular, based on symbolic computation, explicit rogue wave solutions to the Kundu-Eckhaus equation from the first to the third order are presented. Some figures illustrate dynamic structures of the rogue waves from the first to the fourth order. Moreover, through numerical calculations and plots, we show that the quintic and Raman-effect nonlinear terms affect the spatial distributions of the humps in higher-order rogue waves, although the amplitudes and the time of appearance of the humps are unchanged.
Introduction
The popularity of rogue waves (also known as freak waves, monster waves, killer waves, mad-or rabid-dog waves and similar names) has grown rapidly in recent years [1] [2] [3] . The term 'rogue waves' was originally used to describe mysterious giant ocean waves, a horrible phenomenon that can lead to water walls taller than 20-30 m and that represents a catastrophe for ships, offshore oil platforms, and so on [1] . A wave can be assigned to this category when its height is two or three times larger than the background crest and appears from nowhere and disappears without a trace [4] . In addition to being found in the deep ocean, rogue waves have been discovered in other fields, among them optics [2, 3] , capillary flow [5] , superfluidity [6] , Bose-Einstein condensates [7] , plasma physics [8] , the atmosphere [9] , and even finance [10] .
It is well known that the standard nonlinear Schrödinger (NLS) equation
which contains group velocity dispersion and self-phase modulation, is a basic model that describes optical soliton propagation in Kerr media [11] . The complete integrability and multi-soliton solutions, breather solutions, and various types of rogue wave solutions associated with the NLS equation have been widely reported by many authors [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . Nevertheless, in optic fiber communications systems, one always has to increase the intensity of the incident light field to produce ultrashort (femtosecond) optical pulses [37] . In this case, the simple NLS equation is inadequate to accurately describe the phenomena, and higher-order nonlinear terms, such as third-order dispersion, self-steepening, and self-frequency shift, must be taken into account [23] [24] [25] [26] [27] [28] [29] .
In this paper, we consider the Kundu-Eckhaus (KE) equation, which contains quintic nonlinearity and the Raman effect in nonlinear optics [30] , where u x t ( , ) is the complex smooth envelop function and the subscripts x and t are spatial and temporal partial derivatives. β is a real constant, β 2 is the quintic nonlinear coefficient, and the last term represents the Raman effect, which is responsible for the self-frequency shift. The KE equation was proposed by Kundu when he studied the gauge connections among some generalized Landau-Lifshitz and higher-order NLS systems; it adequately describes the propagation process of ultrashort optical pulses in nonlinear optics [31] and examines the stability of the Stokes wave in weakly nonlinear dispersive matter waves [32] . A series of important results related to equation (2) have been obtained, such as the gauge connections between equation (2) and other soliton equations [30] , the Lax pair and the Hamiltonian structure [33] , and soliton solutions through the Darboux transformation [34] [35] [36] , based on an extended Ablowitz-Kaup-Newell-Segur (AKNS) spectral problem, Zhaqilao constructed a generalized Darboux transformation (DT) for equation (2) , and the explicit first-order rogue wave solution and the modulus form of the second-order rogue wave solution were given. Moreover, very recently, Zhao, Liu, and Yang revisited the first-order rogue wave solution to equation (2) through the method of transforming the Lax pair matrix to the Jordan form, and some dynamic properties of the rogue wave solution were analyzed [38] .
Generalization to even higher-order solutions is difficult and not trivial, as is remarked in [20] . Recently there has been a notable surge in interest in classifying the hierarchy of higherorder rogue wave solutions to NLS-type [39] [40] [41] . In general, higher-order rogue wave solutions can be classified into fundamental, triangular, pentagram, heptagram, and even more complicated patterns. However, to our knowledge, there are no reports regarding higher-order rogue wave solutions to equation (2) . The generalized DT based on the aforementioned extended AKNS spectral problem cannot be used directly to generate higher-order rogue wave solutions because, in every iterative process, it is necessary to solve two complicated partial differential equations to get the concrete expressions of
, and when ⩾ j 3, the solution procedure is very difficult and the higher-order (second-order, third-order, etc) rogue wave solutions cannot be explicitly derived, as is remarked in [37] . Owing to the extensive applications of equation (2) , it is essential to find an effective formula to generate higher-order rogue wave solutions for it. By studying the dynamic properties of higher-order rogue waves, one can have a more comprehensive understanding of the influencing mechanism produced by the quintic and Raman-effect nonlinear terms on rogue waves in nonlinear optics.
The aim of our paper is to construct higher-order rogue wave solutions to equation (2) and to discuss their dynamic distributions by choosing different values of the free parameters. Instead of studying rogue wave solutions for equation (2) directly, we concentrate on the solution to an extended NLS equation that is gauge equivalent to it, that is,
whose Lax pair is the standard AKNS spectral problem [34, 42] together with the corresponding auxiliary problem (given hereafter). When β = 0, the preceding equation is reduced to the standard NLS equation. In this paper, we first construct the generalized DT [21, [43] [44] [45] [46] [47] and the Nth-order rogue wave solution for equation (3) . Then, by means of the gauge transformation between the two equations, a concise unified formula for an Nth-order rogue wave solution for equation (2) is derived. Furthermore, the compact × N N 2 2 determinant representation of the formula is given. As an application, based on symbolic computation [48] [49] [50] , explicit rogue wave solutions to equation (2) , from the first to the third order, are presented. Some figures are used to illustrate dynamic structures of the rogue waves from the first to the fourth order. Moreover, the influences produced by the small parameter β on the higher-order rogue waves are discussed in detail with the help of numerical calculations and plots. We find that by taking different values of the small parameter β, the spatial distributions of the humps in higher-order rogue waves can be affected, whereas the amplitudes and the time of appearance of the humps are unchanged.
The outline of our paper is as follows. In section 2, we give the gauge transformation between equations (2) and 3 and derive the Lax pair of equation (3) . In section 3, a generalized DT is constructed, and a concise unified formula for an Nth-order rogue wave solution for equation (2) is given. In section 4, some explicit rogue wave solutions, figures, and numerical calculations are presented. The final section is a discussion section.
Gauge transformation and Lax pair
In this section, we present the gauge transformation between equations (2) and (3) and derive the Lax pair of equation (3) by using the AKNS procedure [42] . We start from the extended AKNS spectral problem [33] ζ β ζ β
, where
u is the potential, and ζ is a constant spectral parameter. By making use of the compatibility condition − + U V t x − = UV VU 0, one can directly obtain equation (2) . Next, according to [51] (section 1.4) and [52] (section 4.2), we know that the following transformation,
2 converts the extended AKNS spectral problem (4) to the standard AKNS spectral problem. Here =x t ( , ) is the new potential and
T is the new spectral function. Hence, we have the following proposition. where
Proof. By directly substituting (7) into the KE equation, together with the extended NLS equation (3), one can show that the equation holds. Then, substituting (6) into (4) and (5), and using the AKNS procedure, we can derive the linear spectral problem (8) and (9) . Furthermore, it is easy to verify that the extended NLS equation (3) can be exactly reproduced from the compatibility conditionˆ−ˆ+ˆˆ−ˆˆ= U V UV VU 0 t x . Remark 1. According to proposition 1, we see that equations (2) and (3) are gauge equivalent to each other. Therefore, considering the complete integrability of the KE equation, the extended NLS equation (3) can also be regarded as completely integrable.
Generalized Darboux transformation
In this section, by resorting to the Lax pair (8) and (9), we first construct the classical DT and the generalized DT for
be a solution to the Lax pair equations (8) and (9) 
where ψ ψ
, 0 0 .
) be a solution to the Lax pair equations (8) and (9) for =[0] and ζ ζ = l . Repeating the above process N times, we get the N-step DT of equation (3),
where
Thus, in terms of the above facts, we can construct the generalized DT for equation (3) . Suppose Ψ ζ δ
is a basic solution to the Lax pair equations (8) and (9) ; here δ is a small parameter. We assume that the vector function Ψ 1 can be expanded as a Taylor series at δ = 0:
N N 1 1
[0] 1
is a special solution to the Lax pair equations (8) and (9) for =[0] and ζ ζ = 1 , so the first-step generalized DT can be spontaneously given.
(1) The first-step generalized DT follows. where ψ ψ
The second-step generalized DT follows.
In light of the first-step case, we realize that Ψ T [1] 1 is a solution to the Lax pair equations (8) and (9)) for =[1] and ζ ζ δ = + 1 . Therefore, the following limit:
offers a nontrivial solution to the Lax pair equations (8) and (9) for =[1] and ζ ζ = 1 . At this point, the second-step generalized DT holds:
[1]
The third-step generalized DT follows. Analogous to the foregoing, we consider the following limit:
Here we have used the identity
Hence we obtain a nontrivial solution to the Lax pair equations (8) and (9) for =[2] and ζ ζ = 1 . The third-step generalized DT follows:
[2]
Continuing the foregoing process and combining all the generalized DTs, the general case can be given.
then the Nth-step generalized DT yields
In what follows, on the basis of the Crum theorem [35] and the determinant representation of the Nth-step generalized DT for the NLS equation [21] , we give the × N N 2 2 determinant representation of (22) . Then (22) can be rewritten as 1] .
N N N N
At this point, we arrive at a simple unified formula for an Nth-order rogue wave solution for equation (2) . 
2 provides the explicit Nth-order rogue wave solution to the KE equation.
Here it is shown that we only have to work out rogue wave solutions to equation (3); then the formula (24) gives rise to the corresponding arbitrary-order rogue wave solutions to equation (2) . In the next section, we present some explicit rogue wave solutions to equation (2) to illustrate how to use the preceding formula.
Rogue wave solutions
In this section, we start from a nontrivial seed solution to equation (2), where α, a are real parameters. Without losing generality, we set α = 1, a = 0; then (25) is reduced to
. From the gauge transformation between equations (2) and (3), a nontrivial seed solution to equation (3) can be obtained as
2
According to the preceding section, we know that it is essential to obtain a basic solution to the Lax pair equations (8) and (9) that can be expanded as a Taylor series.
To this end, motivated by the work of using DT theory [21, 53, 54] , we take ζ β = + h i , and then, solving the Lax pair equations under the nontrivial seed solution (26) and this special spectral parameter, we obtain 
and f is a small parameter.
Taking
can be expanded as a Taylor series at f=0, that is,
are explicitly given in appendix A.
It is straightforward to verify that Ψ 1 [0] is a solution to the Lax pair equations (8) and (9) (22) with N=1, we calculate that Afterwards, the explicit first-order rogue wave solution to equation (2) can be obtained as It is easy to verify the validity of the solution by putting it back into equation (2), and we see that there is a free parameter β in the preceding solution. Now we discuss the dynamic properties of the preceding solution. When β = 0, (29) is just the standard Peregrine soliton solution to the NLS equation [16] ; see figures 1(a) and 2(a). There are one hump and two valleys around the center: the maximum value of the hump is 3 and occurs at (0,0), and the minimum value of the two valleys is 0 and occurs at ± ( 0.8660, 0). When β ≠ 0, we see that the shape of the rogue wave does not change drastically; see figures 1(b) and 1(c). However, the quintic andRaman-effect nonlinear terms do produce an important skew angle relative to the ridge of the rogue wave in the counter clockwise direction if β > 0, and in the clockwise direction if β < 0; see figures 2(b) and (d). Moreover, as the absolute value of β gets larger, the skew angle becomes larger; see figures 2(b)-(e).
Next, the following limit,
provides the generating function of the second-step generalized DT. Hence, resorting to the formula (22) with N = 2, we have After that, the explicit second-order rogue wave solution to equation (2) takes the form of It is straightforward to check, with the aid of Maple, that the preceding solution satisfies equation (2) . By setting = m 0,
in the preceding solution, we obtain the fundamental second-order rogue wave solution to equation (2) . In this case, it is easy to compute that → ∞ x , → ∞ t , | | → u [2] 1 and that the maximum value 5 arrives at (0, 0). In addition, similar to the first-order case, the quintic and Raman-effect nonlinear terms also produce a skew angle relative to the ridge of the rogue wave; see figure 3 .
Apart from this, by setting = m 100
, the fundamental second-order rogue wave can be separated into three first-order rogue waves: a single and a double spatial hump; see figure 4 . If β = 0, we observe that in figure 4(a) , a single hump appears at ≈ − t 2.5626 and then swiftly decays, with two spatial humps rising up simultaneously at ≈ t 1.3169, and the corresponding spatial coordinates are x = 0, ≈ ± x 4.6411, respectively. If β > 0, for example, β = 1 3, we see that in figure 4(b) , a single hump and two spatial humps successively rise and climb to the maximum amplitude at ≈ − t 2.5626 and ≈ t 1.3169, which is identical to the case of β = 0. Nevertheless, the single hump has a translation in the positive direction of the x-axis and its spatial coordinate becomes ≈ x 3.4168, whereas the double spatial hump moves in the negative direction of the x-axis and the spatial coordinates change to ≈ x 2.8853 and ≈ − x 6.3970. The detailed variation and spatial-temporal coordinates of maximum amplitudes of the second-order rogue wave with triangular pattern are listed in table 1. From figure 4(c) and table 1, we notice that as β gets larger, the amplitudes and the time of appearance of the humps remain unchanged, but the humps have a larger movement in the direction of the x-axis. If β < 0 , the humps will have translations in the opposite direction of the x-axis and, comparing with the case of β > 0, the amplitudes and the time of appearance of the humps are still unchanged; see figures 4(d)-(e) and table 1.
Similarly, the following limit, 
is the generating function of the third-order generalized DT. With the aid of (22) and (24), the third-order rogue wave solution to equation (2) . From the concrete expressions given in appendix B, we can work out that the maximum value of | | u [3] is 7 and is reached at (0,0). Moreover, the quintic and Raman-effect nonlinear terms still produce a skew angle relative to the ridge of the third-order rogue wave; see figure 5 .
In choosing
, the fundamental third-order rogue wave splits into six first-order rogue waves forming a triangle; see figure 6 . In figure 6(a) , as β = 0, we see that a single hump develops at ≈ − t 4.5319, and then two rogue waves symmetrically appear at ≈ − t 1.2237. Finally, a triple spatial hump soon rises up at ≈ t 2.3807 and ≈ t 2.5135. In figure 6(b) , as β = 1 3, we observe that the time for the appearance of the humps is invariable, the single hump and the double spatial hump have translations in the positive direction of the x-axis, and the triple spatial hump has a translation in the negative direction of the x-axis. Table 2 is presented to show the detailed variation and spatial-temporal coordinates of maximum amplitudes in the third-order rogue wave with triangular pattern. As with the second-order case, we see that in figure 6(c) and table 2, as β gets larger, a larger movement for the humps in the direction of the x-axis is produced by the the quintic and Raman-effect nonlinear terms, whereas the amplitudes and the time of appearance of the humps remain unchanged. In addition, comparing with the case where β > 0, as β < 0, the humps will have a movement in the opposite direction of the x-axis; see figures 6(d)-(e) and table 2. Here it should be mentioned that although some errors and disparities indeed exist in the calculation of the maximum amplitudes and the spatial-temporal coordinates of the humps in rogue waves, the main dynamic properties of the rogue waves and the influences produced by the nonlinear terms on the rogue waves remain the same. Furthermore, when letting = m 0,
, the third-order rogue wave of circular pattern can be presented, and the quintic and Ramaneffect nonlinear terms can also produce a translation for the humps in the direction of the x-axis; see figure 7 .
Next, continuing the iterative process, the fourth-order rogue wave solution to equation (2) can be obtained. Here, we omit the cumbersome expression and just show some particular figures; see figure 8 . The fundamental pattern is shown in figure 8(a) . We see that a single highest peak is localized in the center and its amplitude is 9, and because of the existence of the quintic and Raman-effect nonlinear terms, there is a skew angle relative to the ridge of the rogue wave. The triangular pattern with one, two, three, and four peaks successively arrayed in each temporal row is displayed in figure 8(b) ; and the pentagram pattern, shown in figure 8(c) , contains two concentric circles, each with five humps. 
Conclusion
In summary, we studied higher-order rogue wave solutions of the KE equation, which contains quintic nonlinearity and Raman effect in nonlinear optics. By means of a gauge transformation, the KE equation was transformed into an extended NLS equation (3) whose Lax pair is the standard AKNS spectral problem and the corresponding auxiliary spectral problem. Based on a special solution (27) of the Lax pair equations (8) and (9) for =[0] and ζ β = + h i , a generalized DT and an Nth-order rogue wave solution to the extended NLS equation (3) were constructed by using the limiting technique. Hence, by resorting to the gauge transformation between the KE equation and the extended NLS equation (3), a concise unified formula for the Nth-order rogue wave solution with several free parameters for the KE equation was derived. Our formula overcomes the difficulty remarked in [37] , that is, that one has to solve two complicated partial differential equations to explicitly determine
in each iterative process. Based on symbolic computation, the formula can be used as is to generate higherorder rogue wave solutions to the KE equation. In particular, we presented explicit rogue wave solutions from the first to the third order of the KE equation, and we used figures to illustrate the dynamic properties of the rogue waves from the first to the fourth order. Moreover, by numerical calculations and plots, the influences produced by the quintic and Ramaneffect nonlinear terms on the higher-order rogue waves were discussed. It was shown that the quintic and Raman-effect nonlinear terms affect the spatial distribution of the humps in higher-order rogue waves, whereas the amplitudes and the time of appearance of the humps are unchanged.
In addition, rogue waves on spatially periodic background envelopes such as cnoidal waves were recently observed in the NLS equation [55] , and it is entirely possible that similar phenomena will be discovered in the KE equation. At the same time, based on the explicit rogue wave solutions to the KE equation given in this paper, the connection between modulation instability and rogue waves may be established for the KE equation by virtue of the method presented in [56] , which is instructive for examining the occurrence (or rather the growth phase) of rogue waves. Both problems are important, and we will investigate them in a future paper. Our results will be helpful for better observing the evolution of rogue waves in a complicated optical system with high-order nonlinear terms, and for better understanding the influence produced by the quintic and Raman-effect nonlinear terms on rogue waves. We hope that the results can be verified in real physical experiments in the future.
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